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1. Introduction and main results
The rank of a partition, as given in [11], is defined to be the largest part minus the number of parts. In a groundbreaking
paper by Andrews, Dyson, and Hickerson [4], it was shown that the generating function for S(n), the number of partitions
into distinct parts with even rank minus those with odd rank satisfies the following identity
∞∑
n=0
S(n)qn =
∞∑
n=0
qn(n+1)/2
(−q)n =
∞∑
n=0
(−1)nqn(3n+1)/2(1− q2n+1)
n∑
j=−n
(−1)jq−j2 , (1.1)
where we have used the standard notation [11] (a)n = (a; q)n := ∏n−1i=0 (1 − aqi). It was shown [4] from (1.1) that we can
relate S(n) to the arithmetic ofQ(
√
6). Many further examples relating partition functions to real quadratic fields have been
investigated [6,9,10,14] since [4].
In this note we offer some further results concerning the partition function S(n).
Theorem 1.1. For positive even integers n, we have
S
(n
2
)
=
∑
r≥0
|j|≤r
24n+2=3(4r+1)2−(6j+1)2
(−1)r+j −
∑
r≥0
|j|≤r
24n+2=3(4r+3)2−(6j+1)2
(−1)r+j. (1.2)
The right side of (1.2) should be viewed as sums of (−1)r+j over all pairs (r, j) that satisfy the given conditions. This
provides a connection with Q(
√
3), but this particular result does not appear to have been mentioned in [3]. In particular,
one can relate the right side of (1.2) to the number of solutions of x2 − 3y2 = −2 − 24n. For our next results we consider
splitting the left side of (1.1) according to the number of parts. For this we need the following definition.
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Definition 1.2. Let SE(n) (resp. SO(n)) be the number of partitions of n into distinct parts with even rank minus the number
of them with odd rank where the number of parts is even (resp. odd).
Observe that we have the generating functions
∞∑
n=0
SE(n)qn =
∞∑
n=0
qn(2n+1)
(−q)2n , (1.3)
∞∑
n=0
SO(n)qn =
∞∑
n=1
qn(2n−1)
(−q)2n−1 . (1.4)
We note, that according to this definition, it can be seen that
∞∑
n=0
(SE(n)+ SO(n)) qn =
∞∑
n=0
qn(n+1)/2
(−q)n . (1.5)
Andrews has given partition theoretic interpretations of similar q-series related to false theta functions [1]. From [5, pg. 233,
Entry 9.4.2] we find the difference to be
∞∑
n=0
(SE(n)− SO(n)) qn =
∞∑
n=0
qn(3n+1)/2(1− q2n+1). (1.6)
Naturally, one is led to wonder if there is anything interesting behind the generating functions in (1.3) and (1.4). Our next
theorem provides some more information on these functions.
Theorem 1.3. We have
1+ 1
2
∞∑
n=1
qn(2n−1)
(−q)2n−1 =
1
2
∞∑
n=0
(−1)nqn(3n−1)(1− q4n)
n∑
j=−n
(−1)jq−j(3j+1)/2
− 1
2
∞∑
n=0
(−1)nqn(3n−3)(1− q4n)
n−1∑
j=−n+1
(−1)jq−j(3j+1)/2, (1.7)
∞∑
n=0
qn(2n+1)
(−q)2n =
∞∑
n=0
(−1)nqn(3n+1)(1− q4n+2)
n∑
j=−n
(−1)jq−j(3j+1)/2. (1.8)
Next, we give a direct corollary of Theorem 1.3 concerning lacunarity of these functions by a result found in Lovejoy
[13, Theorem 3].
Corollary 1.4. We have
|{n ≤ N : SE(n) 6= 0}|  N√
logN
,
and
|{n ≤ N : SO(n) 6= 0}|  N√
logN
.
2. Proofs of the theorems
In this sectionwe prove ourmain theorems by use of two newBailey pairs that can be obtained from the following known
Lemmawhich can be found in [8, pg.6, eq.(D4)] and known Bailey pairs. If the pair of sequences (αn, βn) satisfy (2.1) for each
n ≥ 0, then (αn, βn) is said to be a Bailey pair with respect to a.
Lemma 2.1. If n ≥ 0 and
βn(a, q) =
n∑
r=0
αn(a, q)
(aq)n+r(q)n−r
, (2.1)
A.E. Patkowski / Discrete Mathematics 310 (2010) 961–965 963
then (α′n(a, q), β ′n(a, q)) forms a Bailey pair with respect to a where
α′n(a, q) =
(1+ a)qn
1+ aq2n αn(a
2, q2),
and
β ′n(a, q) =
n∑
k=0
(−a)2kqk
(q2; q2)n−k βk(a
2, q2).
Our next lemma contains our new Bailey pairs, and will be shown to follow from Lemma 2.1.
Lemma 2.2. The pair of sequences (αn, βn) form a Bailey pair with respect to q2 (with q replaced by q2 in (2.1)) where
αn = q2n2 (1− q
4n+2)
1− q2
n∑
j=−n
(−1)jq−j(3j+1)/2, (2.2)
and
βn = (−1)
nqn
2
(−q)2n(q2; q2)n . (2.3)
Further, we also have that (αn, βn) forms a Bailey pair with respect to 1 (with q replaced by q2 in (2.1)) where
αn = 12q
2n2(1+ q2n)
n∑
j=−n
(−1)jq−j(3j+1)/2 − 1
2
q2n
2−2n(1+ q2n)
n−1∑
j=−n+1
(−1)jq−j(3j+1)/2, (2.4)
and
βn = (−1)
nqn
2
(−1)2n(q2; q2)n . (2.5)
Proof of Lemma 2.2. First, from [2, pg.121, eq. (5.10)] we have the Bailey pair (αn, βn)with respect to 1, given by
αn = q2n2+n
n∑
j=−n
(−1)jq−j(3j+1)/2 − q2n2−n
n−1∑
j=−n+1
(−1)jq−j(3j+1)/2, (2.6)
and
βn = 1. (2.7)
We also have the Bailey pair (αn, βn)with respect to q [2, pg.121, eq. (5.11)] given by
αn = q2n2+n (1− q
2n+1)
1− q
n∑
j=−n
(−1)jq−j(3j+1)/2 (2.8)
and
βn = 1. (2.9)
Now in Lemma 2.1, observe that when α′n(q, q) and β ′n(q, q) are given by the right sides of (2.8) and (2.9) respectively, we
have that αn(q2, q2) and βn(q2, q2) need to be given by (2.2) and (2.3) respectively (by the reverse implication of Lemma 2.1
and the uniqueness of Bailey pairs). This is because
n∑
k=0
(−1)kqk(k+1)
(q2; q2)k(q2; q2)n−k ,
is (by [12, pg.8, eq.(1.3.2)]) precisely the coefficient of zn in
(zq2; q2)∞
(z; q2)∞ =
1
1− z ,
which is 1 for all n ≥ 0. Doing the same with the pair (2.6) and (2.7) reveals (2.4) and (2.5) respectively. This proves
Lemma 2.2. 
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To check uniqueness of our choices of (αn, βn), try choosing another sequence βn∗ (the ‘‘α-part’’ being easily checked to
be unique) in Lemma 2.1 to find that βn∗ has to inevitably be given by βn (see also [3, pg.25–29]).
Remark 2.3. The reverse implication of Lemma 2.1 can be seen to be equivalent to the statement that if (αn(a, q), βn(a, q))
forms a Bailey pair with respect to (a, q), then (α′n(a2, q2), β ′n(a2, q2)) forms a Bailey pair with respect to (a2, q2), if
α′n(a
2, q2) = (1+ aq
2n)
(1+ a)qn αn(a, q), (2.10)
and
β ′n(a
2, q2) = q
−n
(−a; q)2n
n∑
k=0
(−1)n−kq(n−k)2−(n−k)
(q2; q2)n−k βk(a, q). (2.11)
To the best of our knowledge, it does not appear that this result has been noted in the literature. It does, however, follow
from the k→ 0 case of Theorem 2.5 of [15].
To prove our main q-series in Theorem 1.3, and the needed identity for Theorem 1.1, we will need Bailey’s Lemma [7]
(see also [8]).
Bailey’s Lemma. If, for every n ≥ 0,
βn =
n∑
r=0
αr
(q)n−r(aq)n+r
, (2.12)
then
∞∑
n=0
(x)n(y)n(aq/xy)nβn = (aq/x)∞(aq/y)∞
(aq)∞(aq/xy)∞
∞∑
n=0
(x)n(y)n(aq/xy)nαn
(aq/x)n(aq/y)n
. (2.13)
Proof of Theorem 1.1. First we need the identity
∞∑
n=0
qn(n+1)
(−q2; q2)n =
∞∑
n=0
(−1)nqn(2n+1)(1− q2n+1)
n∑
j=−n
(−1)jq−j(3j+1)/2, (2.14)
which is the x = q2, y = −q case of Bailey’s lemma (with q replaced by q2) after inserting the pair (2.2) and (2.3). The
theorem directly follows after equating coefficients of qn on both sides, after noting the right side of (2.14) can be written
∞∑
n=0
(−1)n
(
q3(4n+1)
2 − q3(4n+3)2
) n∑
j=−n
(−1)jq−(6j+1)2 ,
when replacing q by q24, and multiplying by q2. 
We note the resemblance of the right side of (2.14) to the identity
(q)2∞ =
∞∑
n=0
qn(2n+1)(1− q2n+1)
n∑
j=−n
(−1)jq−j(3j+1)/2, (2.15)
which follows from (2.12) after inserting the pair (2.8)–(2.9) with n→∞.
Proof of Theorem 1.3. For identity (1.8), insert the pair (2.2) and (2.3) into Bailey’s Lemma with x = q2 and y→∞ (after
replacing q by q2 in (2.12)–(2.13)). For identity (1.7) we need (2.17) from [4], given by
∞∑
n=0
(−1)nqn(n−1)/2(1− qn)αn =
∞∑
n=0
(−1)nqn(n−1)/2(q)nβn. (2.16)
Inserting the Bailey pair (2.4) and (2.5) into (2.16) gives the required result. 
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3. Concluding remarks
Here we have relegated ourself to the study of the function σ(q) from [4]. It would seem that the function
∞∑
n=1
(−1)nqn2
(q; q2)n , (3.1)
which appeared in [4] and [14], should also have some functions which relate to it in a similar manner as our (1.7) and (1.8)
have to σ(q) in this study. Some inspection shows that the series
∑∞
n=1(q2; q2)2n−1q2n and
∑∞
n=0(q2; q2)2nq2n+1 provide one
such relation. We leave this open for further research. The problem of finding the desired Bailey pairs for the series
∞∑
n=0
q4n
2
(q; q2)2n (3.2)
might be more difficult.
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